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Abstract. Let {V^}g be a complex one-parameter family of smooth hypersurfaces in a toric 
variety. In this paper, we give a concrete description of the monodromy transformation 
of {Vq}q around q = oo in terms of tropical geometry. The main tool is the tropical locali¬ 
zation introduced by Mikhalkin. 

Key words: tropical geometry; monodromy 

2010 Mathematics Subject Classification: 14T05; 14D05 


1 Introduction 

Let K C{t} be the convergent Laurent series field, equipped with the standard non-archime- 
dean valuation, 

val: K — >ZU{—oo}, k = CjU \-^ — mm{j G Z | cj ^ 0}. (1.1) 

jez 

Let n G N be a natural number and M be a free Z-module of rank n-\-l. We write := 

Let further A C be a convex lattice polytope, i.e., the convex hull of a finite subset of M. We 
set A := AnM. Let F = ^ K [xf,..., be a Laurent polynomial over K in n-h 1 

m^A 

variables such that km ^ 0 for all m ^ A. We fix a sufficiently large R G such that 1/i? is 
smaller than the radius of convergence of km for all m ^ A, and set := {z G C | jzj = i?}. For 
q G 5^, let fq G C[x^,... denote the polynomial obtained by substituting 1/q to t in F. 

Let F be the normal fan to A and be a unimodular subdivision of F. Let Xjri{C) denote 
the toric manifold over C associated with F'. For each q we define Vq C Xjr'(C) as the 

hypersurface defined by fq in Xjr'(C). In this paper, we discuss the monodromy transformation 
of {Vq}q^^i^ around g = oo. The limit g ^ oo is called the tropical limit in this paper. The 
motivation to address this problem comes from the calculation of monodromies of period maps. 
Let trop(F): ^ M be the tropicalization of F defined by 

trop(F)(Xi,... ,X^+i) := max{val(/c^) -h miXi H-h (1.2) 

The non-differentiable locus of trop(F) is called the tropical hypersurface defined by trop(F) 
and denoted by V (trop(F)). The tropical hypersurface V (trop(F)) is a rational polyhedral com¬ 
plex of dimension n. The main theorem of this paper is Theorem 4.5, which gives a concrete 
description of the monodromy transformation of in terms of the tropical hypersurfa¬ 

ce F(trop(F)) in the case where F(trop(F)) is smooth (see Definition 2.7). The monodromy 
of {Vq}q^si^ is also discussed in [2, Appendix B.2] and Theorem 4.5 is covered by [2, Proposi¬ 
tion B.17]. However, this paper aims to make the relation of the monodromy of {Vq}q^si^ to 
tropical geometry clear. We give a self-contained proof and explicit examples. 
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When A is smooth and reflexive and the polynomial F gives a central subdivision of A, 
Zharkov [10] also gave a concrete description of the monodromy transformation of 
idea of his description is the same as that of ours. By treating his construction systematically, 
we generalize his result to the case where A is any polytope and the subdivision of A given by F 
is not necessarily central. 

Since the claim of Theorem 4.5 is technical and it is necessary to make preparations in order 
to state it, we do not state it here and discuss its corollary in the following. Assume n = 1. 
Let {pi}ie{i,... 4 } be the set of all bounded edges of 'Y(trop(F)). For each pi^ let G 

be the endpoints of pi. Let further V G be the primitive vector such that un — z/^2 = IV 

for some I G We define the length L{pi) of as / G Assume that the tropical 

hypersurface 'F(trop(F)) is smooth^ in the sense that for any vertex u of 'F(trop(F)), there exists 
a Z-affine transformation ((mij)i<i j<2Ari)i=i 2 ) ^ GL 2 (Z) k such that in the coordinate 
(Yi,Y 2 ) on m 2 defined by 


Yi = miiXi + 777,12X2 + ri, Y2 = ^21X1 + 777,22X2 + r 2 , 

the tropical hypersurface 'F(trop(F)) coincides locally with the tropical hyperplane defined by 
max{0,Yi,Y2} around z/. Then we have Vii^i'i 2 G The amoeba of Vq converges to the 

tropical hypersurface V (trop(F)) as g ^ 00 in the Hausdorff metric [8, 9] and the hypersurface Vq 
is obtained by ‘thickening’ the amoeba of Vq. Let ( 7 ^ (i = 1,..., d) be the simple closed curve 
in Vq=R turning around pi (see Fig. 1 for an example). Let further Ti'. Vr ^ Vr be the Dehn 
twist along Ci. 

Corollary 1.1. If n = I and 'F(trop(F)) is smooth, then the monodromy transformation of 
{Vq}q^S}^ (^'^ound q — 00 is given by o • • • o 

Corollary 1.1 is conjectured by Iwao [4]. Let us illustrate this claim with a simple example. 
Consider the polynomial F given by 

F{xi,X2) = xl + X2{xl + t~‘^x\ + t~‘^Xi +t~^) + 1. (1.3) 

Then we have 


fq{xi,X2) = xl + X2(xf + g'^xf + g'^xi + g^) + 1, 

trop(F)(Xi, X 2 ) = max{ 2 X 2 ,3Xi + X 2 , 2Xi + X 2 + 2, Xi + X 2 + 2, X 2 + 1,0}. 

The tropical hypersurface 'F(trop(F)) and the hypersurface Vq in this case are shown in Fig. 1. 
Let Pi and Ci {i — 1,...,7) denote edges of 'F(trop(F)) and simple closed curves in Vq as 
shown in Fig. 1. Then the edges pi,..., pr correspond to the simple closed curves Ci,..., Cr, 
respectively. By simple calculations, we have 

L{pi) = 2, L(p2) = 4, L(p3) = 12, L(p4) = L(p5) = 1, L{pq) = L{p^) = 2. 

It follows from Corollary 1.1 that the monodromy transformation of {Vq}q^^i is given by o 
o o r 4 o Ts o Tl o Tf 

The organization of this paper is as follows: First, we set up the notation in Section 2. In 
Section 3, we recall the notion of the tropical localization introduced by Mikhalkin [8]. This is 
the main tool to construct the monodromy transformation of {Vq}q^^i . In Section 4, we give an 
explicit description of the monodromy transformations in any dimension. In Section 5, we show 
that Corollary 1.1 follows from Theorem 4.5. In Section 6, we give examples in dimension 1 
and 2. In Section 7, we discuss the relation between Zharkov’s description and ours. This section 
may also be useful for understanding this paper and a possible first step for getting our idea. 
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Figure 1. The tropical hypersurface L(trop(F)) and the hypersurface Vq for (1.3). 

2 Preliminaries 

2.1 Tropical toric varieties 

Let M be a free Z-module of rank n + 1 and N := Hom^(M, Z) be the dual lattice of M. We 
set Mm := M (g)^ M and := N (g)z ^ = Hom^(M, M). We have a canonical M-bilinear pairing 

Mm X A/m 

Let be a fan in A^m- We write the toric variety associated with T over C as Xjr(C). For each 
cone (j G we set 

{m G Mm | (m, n) > 0 for all n G a}, 

:= {m G Mm | (m, n) = 0 for all n G a}. 

Let Ucr{C) := Hom(cr'^ H M, C) denote the affine toric variety and Ocr(C) := Hom((j^ H M, C*) 
denote the torus orbit corresponding to a. We write the closure of Ocr(C) in Xjr(C) as XjF,cr(C). 

Let T :=MU{—oc} be the tropical semi-ring, equipped with the following arithmetic opera¬ 
tions for any a, 6 G T; 

a © 6 := max{a, 6}, a Q b := a -\- b. 

We can also define the toric variety over T as follows. For each cone a G we define Ua{T) as 
the set of monoid homomorphisms H M ^ (T, 0), 


U^{T) :=Hom ((7^nM,T) 


with the compact open topology. For cones ^ T such that a -< we have a natural 
immersion, 


;7^(T) ^ Ur{T), {v: G^ n M ^ T) ^ {r^ n M C G^ n M ^ T), 

where g ^ r means that cr is a face of r. By gluing {Ucr{T)}creT with each other, we have the 
tropical toric variety Xjf(T) associated with 



Tropical toric varieties are first introduced by Kajiwara [5], see [5] or [6] for details. For a projec¬ 
tive toric variety, the associated tropical toric variety is homeomorphic to the moment polytope 
of it [6, Remark 1.3]. 
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Example 2.1. The tropical projective space of n-dimension is homeomorphic to the n-dimen- 
sional simplex. 

We define the torus orbit Ocr{T) over T corresponding to a by 
OaiT) :=Hom 

and write the closure of 0(j(T) in Xjr(T) as Xjr,^(T). Let R G be a positive real number 
and Logji : C ^ T denote the map defined by 

, /logi?|c|, C^O, 

C\-^ < 

1 — 00 , c = 0. 

We have a canonical map Log^: Xjr(C) ^ Xjr{T) defined by 

U^(C) = Horn {a^ H M, C) ^ = Horn {a^ H M, T) , Log^ 07 ;. (2.1) 

2.2 Polyhedral complex 

We define the product x T ^ T by 

{ r X t, t ^ — 00 , 

— 00 , r ^ 0, t — — 00 , 

0, r = 0, t = — 00 , 

for r G and t G T. Here, x denotes the ordinary multiplication of M. We also define the 
product X ^ qp Py 

n+l 

a ■ b y^ aj ■ bj, 

1=1 

for a = (ai,..., a^i+i) G and b = ( 61 ,..., 6 ^+ 1 ) ^ For each subset / C {1,..., 

n + 1 }, we set 

T^+i := {X G I = -00 for any i G /}. 

Definition 2.2. A subset p of is a convex polyhedron if there exist a finite collection 

{Hj}j^j of half-spaces of the form 

Hj = {X e \cj-x<dj], Cj e dj e M, 

and a subset / C {1,..., n + 1} such that 

p = njejHj n T]+\ 

A subset /i of p is a face of p if there exist subsets J' C J and V C {l,...,n + l} such that 
/' D / and 

p — {X G p I cj • X = dj for all j G Xi = —oc for all i G I'}. 

We write p ^ p when p is a face of p. 

Definition 2.3. A fan T in is called unimodular if every cone in T can be generated by 
a subset of a basis for X. 
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Figure 2. Tropical hyperplanes of dimensions 1 and 2 in tropical projective spaces. 

Let be a complete and unimodular fan in N]^ in the following. 

Definition 2.4. A subset p of Xjr(T) is a convex polyhedron p if pr\U(ji!^) is a convex polyhedron 
in Ucr{T) = for any (n + l)-dimensional cone a E A subset /i in p is called a face of p 

when p n Ua{T) is a face of p H Ua{T) for any (n + l)-dimensional cone cr ^ We write p p 
when p is a face of p. 

Definition 2.5. A finite set P of convex polyhedra in Xjr(T) is a polyhedral complex if it 
satisfies the following conditions: 

• For any convex polyhedron p E P, all faces of p are elements of P. 

• For any two convex polyhedra pi, P 2 G P, pi H p 2 is a face of pi and p 2 . 

Each element p E P is called a cell. In particular, we call p a k-cell when p is fc-dimensional. 
Let P be a polyhedral complex in Xjr(T). For each a E P, we define 
P^j := {p E P I relint(p) C Oa(T)}, 
where relint (p) denotes the relative interior of p. 

2.3 Hypersurfaces in toric varieties 

Let K := C{t} be the convergent Laurent series field, equipped with the standard non-archime- 
dean valuation (1.1). Let further A C be a convex lattice polytope. We set A := A H M. 
Let P = X] ^ K[x^^ ..., be a Laurent polynomial over P in n + 1 variables such 

m^A 

that km ^ 0 for all m E A. Let T denote the normal fan to A. We choose a unimodular 
subdivision P' of P. 

The tropicalization of P is the piecewise-linear map trop(P): 0{o}(T) = ^ M given 

by (1.2). Let V{o}(f^op(P)) denote the non-differentiable locus of trop(P) in 0{o}Clf) — 

Let further 'F(trop(P)) denote the closure of '\/jro}(f^op(P)) in Xjrf(T). The tropical hypersur¬ 
face V (trop(P)) has a structure of a polyhedral complex in Xjrf{T). Let P denote the polyhedral 
complex given by E(trop(P)) in the following. 

Example 2 . 6 . Let P, G be polynomials defined by P = 1 + xi + X 2 and G = 1 + xi + 
X 2 + xs. Then the tropicalizations of F and G are trop(P) = max{ 0 ,Xi,X 2 } and trop(G) = 
max{0, Xi, X 25 Ps}- The tropical hypersurfaces V (trop(P)) and V (trop(G)) are shown in Fig. 2. 
The polyhedral complex given by 'F(trop(P)) consists of four 0-cells and three 1-cells. The 
polyhedral complex given by V (trop(G)) consists of eleven 0-cells, sixteen 1-cells, and six 2-cells. 

Let v: A he the function defined by v{m) val(A;^). Let further F^ be the subset in 
M]r X M defined by 

F^ := {(m, r) E A X M I r < v{m)}^ 
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Figure 3. The set conv(r^) and the polyhedral subdivision Vy ior F = t ^ + ^2 + 

and conv(r^) be the convex hull of Vy in x M. We write the polyhedral subdivision of A 
given by the projections of all bounded faces of conv(r^) to as Vy. Note that all vertices 
of any polyhedron in T>y are contained in M. It is well known that the tropical hypersur¬ 
face V{o}(f^op(^)) is dual to the polyhedral subdivision Vy [7, Proposition 3.1.6]. 

Definition 2.7. The polyhedral subdivision Vy is unimodular if all elements of Vy are simplices 
of volume We say 'P(trop(F)) is smooth in this case. 

Example 2.8. Consider the polynomial F = t~^ +xi+X 2 -\-x^^X 2 ^. In this case, the function v 
is given by '?;((0,0)) = 1 and 'L’((1,0)) = 'L’((0, 1)) = '?;((—1,-1)) = 0. The set conv(r^) and the 
polyhedral subdivision Vy are shown in Fig. 3. The polyhedral subdivision Vy is unimodular 
and 'F(trop(F)) is smooth in this case. 

We set Vm val(/c^) for m ^ A. For each fi G P{o}^ we define the subset C A a,s the set 
of elements of A to which the dominant terms of F at /x corresponds: 

A/^i := {m G A I + m • X = trop(F)(X) for all X G /i H 0{o}(T)}. (2.2) 

Lemma 2.9 ([8, Lemma 6.5]). Assume that the dimension of fi ^ P{o} is k {{) <k < n). If the 
tropieal hypersurfaee 'F(trop(F)) is smooth, then the number of elements of Aj^ is n -\-2 — k. 

Assume that 'F(trop(F)) is smooth. We fix a sufficiently large R G such that 1/i? is 
smaller than the radius of convergence of km for all m ^ A, and set := {z G C | |z| = R}. 
For q G let fq G C[xf,... be the Laurent polynomial obtained by substituting 1/q 

to t in F. We write the closure of {x G 0{o}(C) | fq{x) = O} in Xjf'(C) as Vq. 

Let a G X' be an /-dimensional cone. For /x G Per, let /x' G Pfo} be the cell such that 
/X = /x' n Xjr',cr- We assume that the dimension of /x' is k. Here, we have / < k. We define 
standard eoordinates on Ocr(C) and Ocr(T) with respect to /x as follows. First, we number all 
elements of from 0 to n -h 1 — A: and write them as (mo,..., We set 

Xi := , Xi := (x;^. -h m^ • X) - {vm^ + • X), 

fo£ i — C ...,n -h 1 — A:. Since 'F(trop(P)^ is smooth, we can extend {xi,... ,Xn^i-k) sind 
(Xi,..., to (xi,..., Xn^i-i) and (Xi,..., X-^+i_/) which form coordinate systems on 

Ocr(C) and Oa{T) respectively by setting 

n+l n+1 

Xi =q^ ll X > Xi:=ai + J2 bijXj , 

for i — n + 2 — k,...,n+l — 1. Here, numbers and bij are appropriate integral numbers. 
We call (xi,..., Xn^i-i) and (Xi,..., X-^+i_/) standard eoordinates with respeet to /x. There are 
some ambiguities of them resulting from different numbering of (mo,..., ^md different 

choices of numbers and bij. 
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Figure 4. The tropical hypersurface defined by trop(F) = max{l,Xi,X 2 , —Xi — X 2 }. 


Let Hjj^: ^ ^ ^ be the map defined by 

(xi, . . . , /) I ^ (^1? • • • 5 ^n+l—/)’ 


and ^ ^ ^ be the map defined by 

(Xi,... ,X^+i_/) 1-^ (Xi,... ,X^+i_/). 

Then the following diagram is commutative. 


Logj^ 


Ha 


]^n+l 




Ma 


Logj^ 


where the map Log^: ^ ^ ^ is defined by 


(xi, . . . , ^ (log^ kl I, . . . , logi^ kn+ 1 -/1). 

Example 2.10. Let us consider the polynomial F = + xi + X 2 + x^^x^^ again. We have 

fq = qFxiFx 2 + x^^X 2 ^. The tropicalization of F is trop(F) = max{l, Xi, X 2 , —Xi —X 2 }. The 
tropical hypersurface defined by trop(F) is shown in Fig. 4. Let u and ji denote the vertex and 
the edge of 'F(trop(F)) as shown in Fig. 4. The set Ajy is given by {(0,0), (1,0), (—1, —1)}. We 
set yi := xi/q = q~^xi, y 2 := x^^x^^/q = q~^x^^X 2 ^ and Yi := -1 +Xi, i 2 := -1 - Xi - X 2 . 
Then the sets of function (7/1,2/2) and (11,^2) form standard coordinates with respect to u 
on 0|o}(C) and OjojClf)? respectively. The set is given by {(1, 0), ( —1, —1)}. We set zi := 
^ 1 ^X 2 ^/xi = x^^^x^^ and Zi := —2Xi —X 2 . For instance, if we set Z 2 := q^xi and Z 2 := 2 + Xi, 
then we have 


det 



= 1 . 


Hence, the sets of functions {zi^Z 2 ) and (^ 1 ,^ 2 ) form standard coordinates with respect to y 
on 0{o}(C) and OjojClf)? respectively. 


3 Tropical localization 

Tropical localization is a way to simplify algebraic hypersurfaces around the tropical limit points 
by ignoring terms which are not dominant in the tropical limit. This technique is first introduced 
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Figure 5. The graph of the function b. 

by Mikhalkin [8]. In this section, we give a concrete defining function realizing the tropical 
localization based on the idea of Mikhalkin. There is also a similar construction of the tropical 
localization in [1]. 

Let K := C{t} be the convergent Laurent series field, equipped with the standard non- 
archimedean valuation (1.1). Let further A C be a convex lattice polytope. We set A := 

A n M. Let F = ^ ..., be a polynomial over K such that km ^ 0 for 

meA 

all m ^ A. We set Vm ~ y^^{km)- We fix a sufficiently large R G such that 1/i? is smaller 
than the radius of convergence of km for all m ^ A^ and set := {z G C | | 2 ;| = R}. For 
q G 5^, let fq G ,..., denote the polynomial obtained by substituting 1/q to t in F. 

Let F denote the normal fan to A. We choose a unimodular subdivision of F. Let Vq be 
the hypersurface in Xjrf{C) defined by fq. Let further 'F(trop(F)) be the tropical hypersurface 
in XjF'(C) defined by trop(F) and P be the polyhedral complex in XjrfT) given by 'F(trop(F)). 
Assume that 'F(trop(F)) is smooth (see Definition 2.7). 

Let Co,Cl G M be constants such that 0 < Ci < Co <C 1. Let 6: M ^ M be a monotone C^ 
function on M satisfying following conditions: 

1) b{X) = 1 if and only if X < Ci, 

2) b{X) = 0 if and only if X > Co- 

The graph of the function b is shown in Fig. 5. 

We define the tropical localization of the hypersurface Vq as follows. 

Definition 3.1. For each m ^ A^ let bm- 0{o}(C) ^ M be the function defined by 

ieA 

In addition, let fq: 0{o}(C) ^ C be the function defined by 

fq{x) bm{x)q"'^x^. 

meA 

We define the tropical localization Wq of Vq as the closure of {x G 0{o}(C) | fq{x) = 0} in Xjr'(C). 

By applying Definition 3.1 to /(xi,... ,x^+i) = 1 + + • • • + Xn+i^ we can construct the 

tropically localized hyperplane. 

Definition 3.2. We define the function /: 0{o}(C) ^ C by 

n+l n+1 ( n+1 ^ 

f{xi,.. .,Xn+i) := JJ b{\ogji Ixil) + Y 1 1^*1) n l^il “ 1^*1) ( 

i=i i=i ( j=i ) 

We call the submanifold defined as the zero locus of / the tropically localized hyperplane. 







Geometric Monodromy around the Tropical Limit 


9 



Figure 6. The tropical hypersurface L(trop(F)) Figure 7. The regions {Dp}p for F = t ^ + 

for F = + X 2 + • X 2 + Xi^X 2 ^^ 


Definition 3.3. For each /i G P, we define Dp^ C Xjf'(C) and Dp C Xjrf{T) as follows. For 
/i G P{o }5 we define Dp C Xjr'(C) and Dp C Xjrf(T) by 


D, 


X G 0{o}(C) 


bm{x) > 0 for m G A 
bm{x) = 0 for m G A \ Ap 






M • 


= <^ X e 0^0} (T) 


K'^m' + ~ ('^m + ^ • -^)| < C'o for Tn^m' G A 




for any m ^ A \ Ap^ 


there exists m! G A, 


such that {vm/ + m' • X) — {vjn + m • X) > Cq 


where C X is the set defined in (2.2) and the overlines mean the closure in Xjr'(C) 
and Xjf'(T), respectively. 

For fi ^ P(j {(J ^ {O})? lot jji' G Pfo} bo the cell such that /x = /i' H Xjr',cr(T). We define 
Dp C Xjr/^^(C) and Dp C Xjr/^^(T) by 

Dp := Dpf n Xjr/,o-(C), Dp := Dpf H Xjr,^^{J). (3.1) 


The monomial + m • X (m G Ap) of trop(P) corresponds to the monomial kmx'^ of P. 
Hence, we have Dp = (Log^)“^(P^) for any /x G P, where Log^ is the map from Xjr'(C) 
to Xjf'(T) defined in (2.1). 

Example 3.4. Consider the polynomial P = + xi + X 2 + x^^x^^. The tropical hypersur¬ 

face 'F(trop(P)) and the regions {]Dp}p^p for P are shown in Figs. 6 and 7. Ui and /x^ (x = 
1,... ,6) denote vertices and edges of H(trop(P)) respectively as shown in Fig. 6. Each IDjy. is 
the region colored in dark gray and each Dp. is the region colored in light gray as shown in 
Fig. 7. 


Lemma 3.5. IfCo is sufficiently smalf then PpnXjr',cr(C) ^ 0 if and only if pHXjrf^^(T) ^ 0 
for any p G P{o} cr G Pb 

Proof. Assume that p H Xjr',cr(T) ^ 0. We set /x := p H XjF',cr(T). We show that Dp = 
DpFXjrf^(j{T) ^ 0. If Go is sufficiently small, points in p which are sufficiently far from all faces 
of p in Pjo} are contained in Dp. It follows that points in /x which are sufficiently far from all faces 
of /X are contained in Pp, and hence in Dp. Conversely, assume that pnXjr',cr(T) = 0. Since the 
region Dp has to be near to the cell p if Cq is sufficiently small, we have Pp nXjr',cr(T) — 0. ■ 

Lemma 3.6. If Cq is sufficiently small, then one has 

U = U { U (^Mno,(C))|. 

pGP{o} aeF' ^ u^Pa 
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Proof. It is obvious that the right-hand side is contained in the left-hand side. We show that 
the left-hand side is contained in the right-hand side. Let x be any point in Dp {p G ^{o})- 
There exists the unique cone a ^ D' such that x G Oa{C). Then, the point x is contained in 
Dp n Xjr',cr(C). From Lemma 3.5, we have p H Xjr',cr(T) ^ 0. We set /i := p H XjF',cr(T). Then 
we have Dp n Xjr',cr(C) = Dp from (3.1). Hence one has x G Dp H Ocr(C). ■ 

For each subset {mo, ..., rup} C A (p G Z>o), we define 


D, 


mo, 


X G 0{o}(C) 


brriiix) > 0 for i = 0,... ,p, 

bm{x) = 0 for m G A \ {mo, 


Trip} 


where the overline means the closure in Xjr'(C). 

Lemma 3.7. Let {mo,..., rUp} be a subset of A sueh that p > 1 and {mo,..., rUp} ^ Ap for 
any p G P{o}* U the eonstant Cq is suffieiently small, then one has L^mo,...,mp = 

Proof. Let H C 0{o}(T) be the affine space defined by Vmo + mo • X = • • • = Vmp + m^ • X. 
First, we show that there exists a neighborhood N of H such that any of Vmo +mo • X,..., Vmp + 
nip • X do not coincide with trop(F) on N. Assume that there exists Xo G iL and i G {1,... ,p} 
such that Vrrii + m^ • Xo = trop(F)(Xo). Then there exists p' G Pfo} such that Xo G p' and 
{mo,... ,mp} C Apf. Since 'F(trop(P)) is smooth and locally coincides with the tropical hyper¬ 
plane, there exists p G Pjo} such that p' -< p and {mo,... ,mp} = Ap. This contradicts to the 
assumption. Hence, any of Vm^ + mo • X,..., Vmp + nip • X do not coincide with trop(F) on H. 
Then there exists a neighborhood N of H such that any of Vmo + mo • X,..., Vmp + m^ • X do 
not coincide with trop(P) on N. 

Assume that Dmo^...^mp is not empty. The differences between the values of Vmo + mo • 
X,... ,Vmp + • X are in the range of ±(7o on Logji{DmQ^...^mp) Fl 0{o}Cir)* Then the set 

Log^(P^Q^...^^p) nO{o}(T) has to be in N for a sufficiently small constant Cq. The fact that any 
of '^mo+^o-X,... ,Vmp+mp’X do not coincide with trop(P) on X 0 Log^(P^Q^...^^p)nO{o}(T) 
contradicts to the definition of ■ 

Lemma 3.8. Let a ^ X' be a eone and pi, P2 ^ Pa be eells. Suppose that the eonstant Cq 
is suffieiently small. If Dp^ H Dp^ ^ 0, then there exists p ^ Po- sueh that p ^ P 1 X 2 ci'^id 
Ppi F Dp^ C Dp. 

Proof. Let p'l^ p '2 ^ P{o} bo the cells such that pi = DXjrf^^iT) and p 2 = M 2 FXjr',cr(T). We 
set {mo,... ,mp} := U Here, we have H C Pmo,...,mp- If Dp^ n Dp^ ^ 0, the 
set Dpf^ FP^^ 0 Dp^ FP ^2 i® ^i^o nonempty. Hence, we have Pmo,...,mp ^ From Lemma 3.7, 
there must exists a cell p G ^{0} such that Ap = {mo,... ,nip} and Pmo,...,mp = Dp. We have 
Dpf^ n Dpf^ C Dp and p ^ Mi? M 2 - Then the cell p := p H Xjr',cr(T) satisfies Dp^ H Dp^ C Dp and 

p-<pi,P2. ■ 


The aim of this section is to prove the following theorem. 

Theorem 3.9. Fix a suffieiently small eonstant Cq. For a suffieiently large R G the tropieal 
loealization Wq and the family of subsets {Dp}p^p of XjrfC) satisfy the following eonditions: 

1. For any q G 5^, the submanifold Wq is isotopie to Vq in Xjr'(C). 

2 . For any q G S'lj, one has Wg C UpeP{o} ^P' 

3. Let (j ^ X' be a eone and p ^ Pa be a eell. Let further p! G Pfo} be the eell sueh that 

p — p'nXjr',( 7 (T). Assume that the dimension of a and p' is I and k, respeetively (/ < k). 
Let (xi,..., be a standard eoordinate with respeet to p (see Seetion 2.3). Then, 

the defining equation ofWq on Dp H Ocr(C) eoineides with that of the (n — k)-dimensional 
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Figure 8. The graph of the function d. 


tropically localized hyperplane in (xi,..., and is independent of the coordinate 

(^n+2—^5 • • • 7 ^n+1—z)* 

The outline of the proof of Theorem 3.9 is as follows. In order to show the condition 1, 
we construct an isotopy {V"g,s}sG[o,i] which connects Vq and Wq. For F = ^ we set 

m^A 

km — ^ K [cmi G C) and Cm := Cm-vm' Let d{s) be a real valued monotone 

function on M which has 1 on {s > 2/3} and 0 on {s < 1/3}. The graph of d{s) is shown in 
Fig. 8. For each s G [0,1], we define the functions bm,s O{ 0 }(C) ^ M and fq^s • O{ 0 }(C) ^ C by 

bmA^) •= (1 “ d.{s)) + d{s)bm{x), 

ks{^) - E + (1 - d{s)) IA - E 

m^A K m^A 

where the branch of Cm is determined by 0 < arg(cm) < 27r. Let Vq^s be the closure 
of {x G 0{o}(C) \fq,s{x) = 0} in Xjr/(C). Then we have fq^o = fqjq^i = fq and Vqp = Vq, 
Vq^l = Wq. 

First, we check that Vq^s is contained in Dp for any g G Sp and s G [0,1]. Then, 

we set q = i?exp(^/^0) and consider the projection p\ XjnifC) x (—e,27r + e) x (0,1) ^ 
(—e, 27r + e) X (0,1) given by 

{x,e,s) ^ ((9,5), 

where e G M is a small constant such that 0 < e <C 1. Let Y be the subset of Xjr'(C) x (—e, 27r + 
e) X (0,1) defined by 

Y := {(a;,(9,s) G Xjf/(C) X (-e,27r + e) x (0,1) \ fq,s{x) = O}. 

We use the following theorem. 

Theorem 3.10 (Ehresmann’s fibration theorem). Let f: E ^ M be a map between smooth 
manifolds. If the map f is a proper submersion, then the map f is a locally trivial fibration. 

We check that the function fq^s bas 0 as a regular value on each Dp H Ocr(C) for any q ^ Sj^ 
and 5 G [0,1]. Then, it turns out that the restriction of p to E is a submersion. In addition, 
we can easily see that p|y is proper. From Theorem 3.10, we can conclude that the family of 
submanifolds gives an isotopy between Vq and Wq. The condition 3 can be shown 

by a simple calculation. 



Proof of Theorem 3.9. We set T := Dp. First, we show that Vq^s is contained in T 

for any q G Sp and 5 G [0,1]. Since we have 





O{0}(C) 


nO{o}(C) 
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it follows from Lemma 3.7 that it is enough to check that the function fq^s can not be 0 on 


for any m ^ A. The dominant term of fq^s on L)^nO{o}(C) is only d{s))^vm 

and we have 



m' ^ m, 
m' = m. 


Hence, the function fq^g can be written on H 0{o}(C) as 



K p y 

where hp G C, ip G Z, jp G A and each term hpq^^x^p denotes other monomial which is not 


dominant on Dm^ i-c., \q'^Px^p\/\q'^^x'^\ < . (Each index p satisfies that either jp ^ m 

or jp = m and ip < Vm-) Hence, for sufficiently large i?, the function fq^g can not be 0 on 
Dm n 0{o}(C). Then we have Vq^g C T for all g G and s G [0,1]. In particular, the 
condition 2 holds. 

Next, we show that the projection p|y is a proper submersion. For p G Per, let p' G Pfo} 
be the cell such that /i = /i' H Xjr/ ^j. We define mo,..., rrin^i-k by {mo,..., rrin^i-k} = 

(the set Ap/ is defined in (2.2)). For any m ^ A \ Ap^f^ there exists rui G A^f such that 
I ^ Jl-^o on P^/HOjo}(C)• Then wc have 6( log^ | — log^ |) = 1 

and 6(log^ \q'^'^ix^^\ — log^ \q'^'^x'^\) = 0. Therefore, we have 

t^m,s\D^f no^Qy{C) (^) 




(1 — d{s)) + d{s) n 6(log^ \q'^^ix'^^ \ — log^ 



1=0 


1 — d{s) 


otherwise, 


and 






+ (1 - d{s))\ fg-Yi \. (3.2) 


mCA meA\A^/ 

Let T G P' be an (n + 1)-dimensional cone having a as its face. Let further ei,..., e^^+i G 


m^A 


be the primitive generators of r^. We rearrange ei,...,eri+i if necessary, and set pi := x^^ 
{i = l,...,n + 1) so that the set of functions (^i,..., ^^+i) forms a coordinate system on 
Uric) = such that yn+2-l = ■■■ = Vn+l = 0 on Ocr(C). Let (xi,..., x^+i-i) be a standard 

coordinate with respect to p such that p := q'^^i x'^^ j q^^o fori = l,...,n + l — fc. Then, the 
set of functions (xi,..., ;r^+i_o 2/n+2-0 • • •, Vn+i) forms a coordinate system on Ucr'^cr Oa'{C). 
We define the functions : 0{o}(C) ^ M by 


n-\-l—k 


bmoAn--^ n 

J=1 

n-\-l—k 


bruiAn ■=bi-'^ogji\xi\) P 6(log^ |xj| - log^ |xi|) for i = 1,... ,n +1 -/c 
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and set bmi,ij.,s{x) := (1 - d{s)) + d{s)bmi,ij.{x). In the coordinate system (^i,..., x^+i-i, yn+ 2 -h 
..., yn+i), we divide (3.2) by obtain 


fc 


g’ ^ij^,nO{o}(c) 
q’mox'mo 


= b, 




mo,At,sV 


Y] bmi,n,six)cll. + (1 - d(s)){other terms}. 


i=l 


Notice that other terms are not dominant on D^f. Hence, we may assume that the subset Vq^s 
is defined on Djj^ H Ocr(C) by 




(x)cl 


(l-d(s)) 

mo 


+ 


E ^ 

i=l 




(x)c: 


{l-d{s)) 


rrii 


Xi + {1- d{s)) 


E 

P 


hpq 


'bp ^Jp 


= 0 , 


(3.3) 


where /ip G C and terms hpq'^Px^p denote other terms which are not dominant on D^. We have 
< R-^o and |/|;r^| < for all p. Let G(xi,... denote the left-hand 

side of (3.3). We show that G{xi ^..., x^^i-i) has 0 G C as a regular value on Djj^ n Ocr(C). 

We define the subset := {x G \ \q'^'^ix'^'^\/\q'^'^d x'^^\ >1 (j = 0,..., n -h 1 — fc)} for 

i = 0,..., n -h 1 — fc. For any x G there exists i G {1,... n -h 1 — fc} such that \q'^^ix'^^ \ > 
Iq^'^jx'^^ I Jqj. j ^ — /c}. Then we have Djj^ = We have only to 

show that the Jacobian matrix of G{xi ,..., x^^i-i) has the maximal rank on • On , 

we have bmi,p^s{x) = 1. We set Xi = r^exp(^/^0^) (r^ G G [0,27r]) and let M be a 2 x 2 

matrix defined by 

We can show det(M) ^ 0 for a sufficiently large R by the concrete calculation. Hence, the 
subsets Vq^s and Y is smooth submanifold in Xjr'(C) and {Xjr'(C) x (—e,27r + e) x (0,1)} 
respectively. Moreover, it turns out that the projection p|y: Y (—6, 27r + e) x (0,1) is a sub¬ 
mersion. 

In addition, for any compact subset G C (—e, 27r-he) x (0,1), the inverse image (p|y)“^(C) C Y 
coincides with {(x,0,5) G Xjr/(C) x G \ fq^s{x) = 0}. Then the set {p\y)~^{G) is compact and 
the map p|y is proper. Hence, it turns out from Theorem 3.10 that the map p\y has a structure 
of a fiber bundle with the fiber Vr^i — Wq=R Wr. Therefore, the family of submanifolds 
sG[o,i] gives an isotopy and the condition 1 holds. 

Finally, we check the condition 3. In (3.3), we set s = 1 to obtain 

n-\-l—k n-\-l—k ^ n-\-l—k n 

n b{\ogR\xj\)+ p(-log^|£i|) Yl b(^ogji\xj\-logR\xi\)[xi^0. 

j=l i=l ^ j=l ^ 

This coincides with the defining function of the (n — fc)-dimensional tropically localized hy¬ 
perplane in (xi,..., Xji+i-k) and the left-hand side is independent of the values of Xn^2-k-> • • • ? 
Xnj^i-l. Hence, the condition 3 holds. ■ 


4 Monodromy transformations 

We use the same notation as in Section 3 and keep the assumption that H(trop(F)) is smooth. 
We set Wr := Wq=R. Let ^ ^q}ee[0M be a family of homeomorphisms 

which depends on 9 continuously. It is clear that the map '0g^i^exp(27rVM) * ^R ^R gives the 
monodromy transformation of {Vq}q^gi^ under the identification Wr = Vr. Hence, it is sufficient 
to construct a monodromy transformation of {Wq}q^gi^ in order to get that of {Vq}q^gi^. 
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Figure 9. The region Log j^{Wr) for F = 1 + Figure 10. The map for F = 1 + + X 2 . 

Xi + X2. 


Proposition 4.1. There exists a eontinuous map (j)\ Log^(lYR) ^ Y(trop(F)) satisfying the 
following eondition: 

(*) ^(Log^(TrR) n F ecr(T)) C p n Ocr(T) for any a e R and p G P^- 
Moreover, sueh maps are unique up to homotopy. 

Proof. For each cell p G F, we construct a continuous map (f>p : Log^flYR) H Dp V (trop(F)) 
satisfying following conditions: 

(i) (j)p{LogR{WR) n Fp n Ocr(T)) C p n Ocr(T), where cr G F' is a cone such that p G Pa- 

(ii) For any face /i ^ p, the map (f>p coincides with (fp on Log^(VFR) H Fp H Fp. 

We construct (pp in an ascending order of dimp as follows. For each vertex p ^ P, we set pp as 
a constant map from Log^(VFR) HFp to p. For each 1-cell p, let z/q and vi be the endpoints of p. 
We set each pp as a continuous map to p so that pp coincides with the constant map to Uf on 
Log^(lTi^) n Fp n Fjy. and satisfies the condition (i). Assume that we have constructed pp for 
all cells whose dimensions are lower than k — 1. For each fc-cell p, we define pp as a continuous 
map to p so that pp coincides with pp on Log^(VFK) Fl Fp H Dp for any face p oi p and satisfies 
the condition (i). In this way, we can construct a family of maps {(j)p}p^p such that each map pp 
satisfies the condition (i) and (ii). 

Example 4.2. Consider the polynomial F = 1 + xi + X 2 - Fig. 9 shows 'F(trop(F)) and 
LogpfWR). Let u denote the center vertex of Y(trop(F)). The region colored gray denotes 
LogpfWR) n Djy. The map (p^: LogpfWR) H Djy 'F(trop(F)) is the constant map to n as 
shown in Fig. 10. 

For any cr G F' and pi,p 2 G Fcr, if Fp^ H Dp^ ^ 0, there exists p ^ Pa such that p ^ pi, P 2 
and Fp^ H Dp^ C Dp (Lemma 3.8). From the condition (ii), the map pp. coincides with pp 
on LogpfWji) F Fp H Fp. {i = 1,2). Hence, the maps pp-^ and pp^ coincide with each other 
on LogpiWR) n Fp n Fp^ n Fp 2 =Log^(VFH) H Fp^ n Fp 2 . Then it turns out that we can get 
the continuous map p\ Log^(VFR) ^ 'F(trop(F)) by gluing {pp}p. The map p satisfies the 
condition (*). 

Let po, pi : LogpCWR) V (trop(F)) be two maps satisfying the condition (*). We construct 
a family of continuous maps {ps'. LogpiWR) ^F'(Tf)} 5 G[o,i] by := (1 - s)po{X) + 

spi{X), where the addition and the multiplications are taken on Ocr(T) = for the cone 
cr G F' such that X G Oa(T). This construction is independent of the choice of coordinates 
on Ocr(Tr). Since each cell is convex, pg satisfies the condition (*) for any s G [0,1]. Therefore, 
each map pg is well-defined as a continuous map to 'F(trop(F)) and {0 s}sg[o,i] gives a homotopy 
between po and pi. ■ 
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We fix a map (j)\ Logj^{WR) 'L(trop(F)) satisfying the condition (*) in Proposition 4.1. 
Let a G be an /-dimensional cone. We choose ai^bij G Z (i = 1,..., n +1 — /, j = 1,..., n +1) 
so that the sets of functions (^i,..., and (Li,..., defined by 

n+l n+1 

Vi =q^ Yl 4'' > Yi:=ai + J2 bijXj , (4.1) 

form coordinate systems on Ocr(C) and Ocr(Tr), respectively. For each q = Rexp{^/^0) G 5^, 
we define the map : Wr H Ocr(C) ^ Ocr(C) by 

(//l? • • • ? Vn+l—l) • • • 5 ^n+l—l, 6 yn+l—l) 5 


where 0i,0(yi,.. .,yn+i-i) exp o </> o Log^(y)) (i = 1,..., n + 1 - /). 

Lemma 4.3. For any q G Sj^ and a G F', the map is independent of the choice of the 
coordinate system (^i,... on Ocr(C) and the image ipcr,q{WR H Ocr(C)) is contained in 

fF,no,(C). 

Proof. First, we show that the map ^jjcr^q is independent of the choice of the coordinate. Let 
(zi,..., Zn^i-i) and (Zi,..., be other coordinate systems on Ocr(C) and Ocr(T) defined 

just as (?/i,..., yn+i-i) and (Ti,..., We can write 

n-ri—i n-ri—i 

zi = q^' n yf’ y^= U 

i=i i=i 

n+1—/ 

where are some integral numbers. Here, we have f^ijljk — ^ik- Let Wr H 

j=i 

Ocr(C) ^ 0(j{C) be the map defined in (zi,..., For all 2 ; = (zi,..., = y = 

(yi, • • •, yn+i-i) e ILr n O^iC), we have 




n+l—l 

E 

J=1 


n+1—/ 


hpyiz)) = < exp «*+ XI Yl ’ 


J = 1 


and 


Vi {ya,q{z)) = n 


lik 


k = l 


n-ri—i 

n 

k=l 


/ / n+1— 




g exp afc + X ° Log^(z)) > i?"* ^ y! 




hkj 


J = 1 


J = 1 


Hik 


= l^exp E likPkjYj {4> o Log^(y)) 

= exp {V^OYi {(j) o Log^(y))) y* = ^i^gyi. 


) "] n+ 1 -/ 

1 n 


Therefore, we have yi{'ip'a,q{y)) = yi{'>Pcr,q{y)) = ^fiyi- Hence, one has ^pcr,q = f^'a,q- 

Next, we show that the image ^a,q{WR H Ocr(C)) is contained in Wq H Oa{C). Let fi ^ Pa 
be a cell such that ji — ji' D XjF',cr(C) for a fc-cell ji' G P{o} and (xi,... be a standard 
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coordinate with respect to fi. Since Xi = • • • = = 0 on /i, the restriction of to 

D/j, n Ocr(C) coincides with 

(xi, . . . , 1 -^ (^l5 • • • 5 S^n+l—kj ^n-\-2—k,6^n-\-2—k-) • • • ? 0 n+l—/) • 

Since the defining equation of Wq on H Ocr(C) coincides with that of the {n — A:)-dimensional 
tropically localized hyperplane in (xi,..., we have {Wr H Ocr(C) H D/j,) C Wq H 

Ocr{C)nDij,. Hence, the map ^pcr.q is well-defined as a map from WRnOcr{C) to WqHOcriC). ■ 

Lemma 4.4. For any q G 5^, the family of maps {f;cr,q}aeT' glues together to give the homeo- 
morphism fjq : Wr Wq. 

Proof. Let r G be an (n + l)-dimensional cone. Let further ei,... ,e^+i G be the 

primitive generators of r^. We set wi := and Wi := e^ ’ X (i = 1,..., n + 1). Then the set 
of functions (ici,..., and (VLi,..., Wn^i) form coordinate systems on Ur{C) = and 

Ur{T) = respectively. We define the map "^r^q- Wr H Ur{C) Ur{C) by 

{wi,..., Wn+l) ■■■, ^n+l,0U!n+l) , 

where (j)i^e{wi, ..., Wn+i) ■= exp WiO (po Log^(w;)) (i = 1,..., n + 1). It is clear from 

Lemma 4.3 that the map fjcr^q coincides with on Ocr(C) C Ur{C) for any face a ^ r. There¬ 
fore, the family of maps {fjcr,q}aeT' glues together to give the continuous map fjq\ Wr Wq. 
In addition, the inverse map {f^( 7 ,q)~^ • Wq Wr is given by 

( 2 /I 7 • • • 7 Vn^l-l) ^ (01-6>2/l, • • • , 0n+l-/-6>2/n+l-/) 

and {('0cr,^)~^}crGJ^' forms the inverse map (0^)“^: Wq Wr. It is obvious that the map (0^)“^ 
is continuous. Hence, the map fjq is a homeomorphism for any q es},. m 

The following is the main theorem of this paper. 

Theorem 4.5. Assume that Y(trop(F)) is smooth. We fix a suffieiently large number R G 
Let 0: Log^(IYH) ^ H(trop(F)) he a map satisfying the eondition (*) in Proposition 4.1. Let 
further 0: Wr Wr he the map defined on eaeh orbit Oa{C) (a G by 


( 2 /I 7 • • • ^ (012/17 • • • 7 0n+l-/2/n+l-O’ 


(4.2) 


where (^ 1 ,... is a eoordinate system on Ocr(C) defined as in (4.1) and 

pi{y) exp (27r\^Yi o p o Log^(y)). 

Then the map 0: Wr Wr gives a monodromy transformation of {Vq}^^^!^ under the identi- 
fieation Vr = Wr. For eaeh eell pi G Pa, the restrietion of to Djj^ H Ocr(C) eoineides with 

(xi, . . . , Xfi-^i—i) (^l7 • • • 7 ^n+l—A 77 0n+2—fc^n+2—A 77 • • • 7 0n+l—/^n+1—/) 7 

in a standard eoordinate (xi,... ,x^+i_0 with respeet to fi. 


Proof. It is clear from Lemmas 4.3 and 4.4. 
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5 Proof of Corollary 1.1 

In this section, we show that Corollary 1.1 follows from Theorem 4.5. We set n = 1. Let 
(j)\ Logji{WR) 'C(trop(F)) be a map satisfying the condition (*) in Proposition 4.1. We 
set the map (j) so that the restriction of cj) to Log^(lTR) H IDp gives a bijection to p for any 

edge p G ^{o}- Let y G P{o} be a vertex of 'P(trop(F)) contained in 0{o}(Tr). Let further 

(^ 1 ,^ 2 ) and (Xi,X 2 ) be standard coordinates with respect to v (see Section 2.3). On 
the tropical localization Wq is defined by the defining equation of the 1 -dimensional tropically 
localized hyperplane in (:ri,;r 2 ). Since we have Xi{'u) — X 2 {i>') — 0 and the restriction of (j) to 
Log ji{Wr) n Dy is the constant map to z/, the monodromy transformation ^ in Theorem 4.5 
coincides with the identity map on Dy. Similarly, it turns out that the map '0 also coincides 
with the identity map on Dy/ for any vertex u' ^ P contained in a lower dimensional torus orbit. 

Let p G P{o} be a bounded edge of 'P(trop(F)) and z/i, z /2 be the endpoints of p. We set 
{mo, mi, m 2 } C A so that {mo, mi, m 2 } = Ay^ and {mo, mi} = where Ay^ and A^ are 
subsets of A defined in ( 2 . 2 ). We define the standard coordinate with respect to ui by 

Xi := I, Xi := (1;^. + m^X) - {vmo + moX), 

for i = 1,2. Then the coordinate systems {xi^X 2 ) and (Xi,X 2 ) are also standard coordinates 
with respect to p. On the defining equation of the tropical localization Wq coincides with 

6 (log^|xi|)+ 6 (-log^|xi|)xi = 0. (5.1) 

Lemma 5.1. The solution of (5.1) is xi = —1. 

Proof. The equation (5.1) coincides with b{logR \xi\) + xi = 0 when Ci < log^^ \xi\ < Cq and 
l + 5(— logi^ |:ri|);ri = 0 when —Cq < log^^ \xi\ < —Ci. These equations have no solution when R 
is sufficiently large. In the case —Ci < logR \xi\ < (7i, (5.1) coincides with 1 + xi = 0. ■ 

Hence, the tropical localization Wq coincides with the cylinder defined by xi = —1 and 
X 2 are free on D^. Let I G Z>o be the length of p. In the coordinate system (:ri,;r 2 ), we 
have Xi(z/i) = ^ 2 ( 2 ^ 1 ) = 0 and Xi(z/ 2 ) = 0, ^ 2 ( 2 ^ 2 ) = “L Note that the lengths of edges are 
invariant under the coordinate transformations. Since the restriction of 0 to Logji{WR)nDp gives 
a bijection to /i, we can see from Theorem 4.5 that the map coincides with the composition of 
/-times of Dehn twists on D^. Similarly, it turns out that the restriction of to D^/ coincides 
with the compositions of infinitely many times of Dehn twists for any unbounded edge p' G T{o}- 

6 Examples 

6.1 Example in dimension 1 

Consider the polynomial F given by (1.3). The tropical hypersurface H(trop(T)) is shown in 
Fig. 11. Let z/i, V2-> T denote cells of 'F(trop(F)^ as shown in Fig. 11 (z/i, z /2 denote 0-cells and p 
denotes the 1-cell). The regions Dy^^ Dy^ and defined in Definition 3.3 are shown in Fig. 12. 
The set Ay-^ defined in (2.2) is given by {(0,2), (1,1), (0,1)}. We set 

xi (^x\X2lx\ — (^xxxf^^ X2 := qx2lx\ — qx^^^ 

Xi (2 + Xi + X 2 ) - ( 2 X 2 ) = 2 + Xi - X 2 , X 2 := (1 + X 2 ) - 2 X 2 = 1 - X 2 . 

Then the sets of functions {xi^X 2 ) and (Xi,X 2 ) form standard coordinates on 0{o}(C) and 
0{o}(T) with respect to ui defined in Section 2.3. Similarly, we have Ay^ = {( 0 , 2 ), ( 1 , 1 ), ( 2 , 1 )} 
and we set 

xs q X1X2/X2 = q X1X2 , 


X 3 (2 + 2 X 1 + X 2 ) - ( 2 X 2 ) = 2 + 2 X 1 - X 2 , 
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Figure 11. The tropical hypersurface Y(trop(F)). 


Figure 12. Regions and D^. 


Table 1. Monodromy transformation on each region. 


region 


Dy^ 

D, 

standard coordinate 

{XI,X2) 

{XI,X3) 

{xi,X 2 ) or {xi,X 3 ) 

tropical localization 

1-dimensional tropically 
localized hyperplane 
in (:ri,;r 2 ) 

1-dimensional tropically 
localized hyperplane 
in {xi,X 3 ) 

1-dimensional 
cylinder 
in X 2 or xs 

map (j) 

constant map to 

constant map to z /2 

bijection to p 

monodromy p; 

identity map 

identity map 

Dehn twist 


so that the sets of functions (xi^xs) and (Xi,X 3 ) form standard coordinates on 0|o}(C) and 
0 |q}(T) with respect to z/ 2 - In addition, we have = {(0,2), (1,1)}. Hence, the sets of 
functions (:ri,;r 2 ), (Xi,X 2 ) and (xi,X 3 ), (Xi,X 3 ) also form standard coordinates with respect 
to /i. Let Wr be the tropical localization defined in Definition 3.1 and 0: Logj^{WR) 
Y(trop(F)) be a map satisfying the condition (*) in Proposition 4.1. Here, we set the map (j) so 
that the restriction of (j) to Logj^{WR) H Dp gives a bijection to p for any edge p G P{o}- The 
manifold Wr^ the map (j) and the monodromy transformation Wr Wr on each region are 
listed in Table 1. 

Since Xi(z/i) = X 2 (z^i) = 0 and Xi(z/ 2 ) = -^ 3 (^ 2 ) = 0, we can see from Theorem 4.5 that the 
restrictions of to Dy^ and Dy^ are identity maps. On if we use (:ri,;r 2 ) as a coordinate 
system, we have Xi = 0 on /i and X 2 (z^i) = 0,X2(^'2) = “L Then we can also see from 
Theorem 4.5 that the restriction of pj to Dp coincides with the Dehn twist in the component of 
the cylinder in X 2 - 

6.2 Example in dimension 2 

Consider the polynomial G(xi, X 2 , x^) — + xi + X 2 + x^ + x^^x^^x^^ . Then we have 

gq{x\,X 2 , X^) = q +Xi+X 2 +X^ + X^^X^^Xp, 

trop(G)(Xi,X 2 ,X 3 ) = max{l,Xi,X 2 ,X 3 ,-Xi -X 2 -X 3 }. 

The tropical hypersurface H(trop(G)) is shown in Fig. 13. Let p denote the 2-cell of 'F(trop(G)) 
contained in Xi = 1 and z/i, z /25 ^ 3 , ^ 2 , /^3 denote faces of p as shown in Fig. 13 (p denotes 

the 2-cell colored in light gray). Fig. 14 shows the intersections of the hyperplane Xi = 1 and 
regions Dy.^ Dp. [i = 1,2,3) and Dp defined in Definition 3.3. 

^ The set Ay.^ is given by {(0, 0,0), (1, 0,0), (0,1, 0), (0,0,1)}. We set Xij— Xijc^— q~^Xi and 
Xi —1-hX^ for i — 1,2,3. Then the sets of functions {xi^X 2 ^x^) and (Xi,X 2 ,X 3 ) form stan¬ 
dard coordinates with respect to on 0{o}(C) and 0{o}(T). On the other hand, we have Ap.^ — 
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Figure 13. The tropical hypersurface L(trop(G)). 


Figure 14. The intersections of the hyperplane 
Xi = 1 and regions Dp. 


{(0,0,0),(l,0,0),(0,l,0)},^^3 = {(0,0,0), (1,0,0), (0,0,1)} and = {(0,0,0), (1,0,0)}. Hen- 
ce, the sets of functions (xi, X 2 , x^) and (Xi, X 2 , X 3 ) also form standard coordinates with respect 
to /ii, /i 3 and p. 

1. Tropical localization Wr coincides with the following: 

(a) On : the 2-dimensional tropically localized hyperplane in (xi, ;r 2 , X 3 ). 

(b) On : the direct product of the 1-dimensional tropically localized hyperplane in 
(xi,X 2 ) and the 1 -dimensional cylinder in ;r 3 . 

(c) On Dp ^: the direct product of the 1-dimensional tropically localized hyperplane in 
(xi^xs) and the 1 -dimensional cylinder in X 2 - 

(d) On Dp', the direct product of 1-dimensional cylinders in X 2 and X 3 . 

2. Let 0: Logj^{WR) 'L(trop(G)) be a map satisfying the condition (*) in Proposition 4.1. 
We set the map (j) so that the restriction of 0 to IDpf gives a surjection to p' for any cell 
p' eP. 

3. Monodromy transformation is given as follows: 

(a) On : the identity map. 

(b) On Dp ^: the map which is identical in the component of the 1 -dimensional tropically 
localized hyperplane in (:ri,;r 2 ) and coincides with the composition of four times of 
the Dehn twists in the component of the cylinder in x^. 

(c) On Dp^: the map which is identical in the component of the 1-dimensional tropically 
localized hyperplane in (:ri,;r 3 ) and coincides with the composition of four times of 
the Dehn twists in the component of the cylinder in X 2 > 

(d) On Dp : the map which coincides with the composition of four times of the Dehn 
twists in both components of the cylinders in X 2 and X 3 . 

Since the restriction of the map (j) to D^^ is the constant map to and X^(z/i) = 0 for 
i = 1,2,3, it follows from Theorem 4.5 that the restriction of ^ to Dj^^ coincides with 
the identity map. Since the restriction of the map (j) to Dp^ is a surjection to pi and 
— 0,X3(z/2) = —4, we can see from Theorem 4.5 that the restriction of to Dp^ 
coincides with the composition of four times of the Dehn twists in the component of the 
cylinder in x^. Similarly, it turns out that the restriction of pj to Dp^ coincides with 
the composition of four times of the Dehn twists in the component of the cylinder in X 2 > 
On Dp^ we can also see from Theorem 4.5 that the map pj coincides with the composition 
of four times of the Dehn twists in both components of the cylinders in X 2 and ^ 3 . 
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7 Relation to Zharkov’s work 

Definition 7.1. A convex lattice polytope A C is smooth if for each vertex of A, there 
exists a Z-basis zi,..., Zn+i of M such that M-^(A — 'u) = + • • • + 

Definition 7.2. Let A C be a convex lattice polytope. We define the polar polytope 
A* C of A by 

A* := {n G Am | (m, n) > —1 for all m G A}. 

The convex lattice polytope A is called reflexive if it contains the origin 0 G M as its interior 
point and the polar polytope A* is also a lattice polytope in N^. 

Let A be a smooth and reflexive polytope in Mm and S be a subset of A H M containing 0 
and all vertices of A. Let further T be a coherent triangulation of (A, B). We assume that T is 
central, i.e., every maximal-dimensional simplex in T has the origin 0 G M as it’s vertex. Let 
A: S ^ Z be an integral vector which is in the interior of the secondary cone (see [3, Chapter 7, 
Definition 1.4]) corresponding to T. We consider the function fq defined by 

fq{x) := 

ieB\{o} 

where g G := {z G C | jzj = R} for a sufficiently large R G Let X/\ be the toric manifold 
whose moment polytope is A and Vq be the hypersurface in X/\ defined by fq. In this setting, 
Zharkov constructed the monodromy transformation of {Vq}q^si^ as follows: 

(i) Let jiR : Xa ^ A be the weighted moment map defined by 

/ X m^B 

m^B 

There exists a small neighborhood U C A of the origin 0 G A such that /iRfVq) C A \ U 
for any q G 5^. We set A° := A \ U. He constructs two families of regions {Ur}TedT and 
f^^Ur}TedT in A°. For instance, in the case where 

fq q - {x +xy+ y + x~^ + x~^y~^ + y~^) (7.1) 

and the triangulation T is given as shown in Fig. 15, the families of regions {Ur}pedT and 
{Ur}redT are as shown in Figs. 16 and 17, respectively. Vf and Wf (z = 1,... ,6) denote 
vertices and edges of A respectively as shown in Fig. 15. Uy.^ Uy. denote the regions 
colored in light gray and Uyj-^ IJyj- denote the regions colored in dark gray as shown in 
Figs. 16 and 17. We omit their construction here and refer the reader to [10, Section 3] 
about how to construct them. 

(ii) He sets bump functions 5^: A° ^ [0,1] (m G H\{0}) so that the function fq : ^ C 

defined by 

/,(x) := - 5] ib^oyn){x)q^^^^x^ 

meB\{0} 

coincides with 

A- Z on up (Ur) niC*r+\ 

mCrnB 

qm_ Y {bmOfiR){x)q^^^^x^ on yp{Ur) H {C*r^\ 

mCrnB 
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Figure 15. The triangulation T given by (7.1). 



Figure 16. Regions {l/rlreaT- 


Figure 17. Regions {t7r}reaT- 


for any r G dT. Let Wq denote the submanifold in X/\ defined by fq{x) = 0. We can 

see from the definition of the weighted moment map /jLr that if /jLr{x) G f/r, the dominant 

part of fq at x are Since orders of terms cut off by bump functions 

mernB 

{^m}meB\{o} lower, the submanifold Wq is diffeomorphic to Vq. 

(iii) He defines the family of subsets C A^m} 7 g[o,i] by 

:= {n G N]^ \ —{m^n) > 7 (A(m) — A(0)) for any vertex m in T}. 

For any 7 > 0, the set is a convex polytope with a nonempty interior. The set A^ in 
the case where fq is given by (7.1) is shown in Fig. 18. 

The region surrounded by the center part of the tropical hypersurface coincides with 

{n G N]^ I A(0) > (m, n) + A(m) for any vertex m in T}. 

Hence when we set 7 = 1, the boundary of the convex polytope Af^^^ coincides with the 
center part of the tropical hypersurface. For each fc-dimensional simplex r G dT^ we define 
an (n — A:)-dimensional face of Af^ by 

:= {n G Af^ \ —{n^m) = 7 (A(m) — A(0)) for any vertex m in r}. 

There is a bijective correspondence between simplices in dT and faces of A^ given by 
T ^ . Then he constructs a family of maps {v ^: A° ^ which depends on 7 

smoothly and satisfies v^{Ur) C for any r G dT. 
i 

(iv) Let Ci (0,..., 0,1, 0,..., 0) G M (i = 1,..., n + 1) be the unit vector and : Xa C 
(i = 1,..., n + 1) be the function defined by 

exp (27r\^{{v^ o iJ,R){x),ei)). 
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Figure 18. The convex polytope 
P6 



in the case where fq is given by (7.1). 



Figure 19. 


The tropical hypersurface and {D^}^ in the case where fq is given by (7.1). 


He defines a family of diffeomorphisms {D^: X/\ YA}^e[o,i] by 


(xi, . . . , Xn+l) 'll^n+l,yXn+l)- (7.2) 

For any element x G Wr fl we have ijlr{D^{x)) = ij,r{x) G Ur and 

fq{D^{x)) = {bra o fiR){x)q^^^'^x"^ exp {2Tr^/^{vy{fiR{x)),m)) 

mGrPlB 

= {bmo iiR){x)q^^'^^x^ exp (-27r\/^7(A(m) - A(0))) 

mGrnS 

= exp(27r\/^7A(0)) | {bmO iir){x)R^^'^^ x^ | ^ 

L mGrnS } 

Hence, the family of maps {D^ \ X/^ YA}^e[o,i] induces the monodromy transformation 
[D^: Wr 

As explained in (ii), Zharkov also localized the hypersurface Vq to construct the monodromy 
transformation. He used the weighted moment map while we used the tropicalization. The 
regions {?7r}r are similar to {D^}^ constructed in Definition 3.3. Moreover, terms which we cut 
off at each region are also the same. The tropical hypersurface and the family of regions {D^}^ 
are shown in Fig. 19 in the case where fq is given by (7.1). The region U^. corresponds to D^. 
and Uyj. corresponds to Dy. [i — 1,..., 6), respectively. For instance, on both and 5 ^be 
dominant terms are q and x. On both 11^-^ and the dominant terms are g, x, xy^ and so on. 
Note that regions at which the term is not dominant in our construction are included in 
other regions in Zharkov’s construction. For instance, in the case fq is given by (7.1), the region 
corresponding to Dp. is included in Uyo- for i = 1,..., 6. This is the only major differences in 
the localization and the resulting manifolds Wq are similar to each other. 
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His construction of the monodromy transformation is also similar to ours. We can con¬ 
struct the family of maps {v^ \ A° ^ as follows. First, we construct v^=i satisfying 

Vj{Up) C for any p G dT. We set 

: Mm ^ Mm, (W, • • •, ^n+i) • • • ? 7-^n+i)- 

for each 7 G [0,1]. Then the map o satisfies requested conditions. The map 

(j): Log^(VFH) ^ H(trop(F)) in Proposition 4.1 plays the same role as Vry^i. Moreover, the 
monodromy transformation given by (4.2) in our construction coincides with (7.2). It can be 
said that our construction is a natural generalization of Zharkov’s construction. 
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